Although the properties of Direction-Finding (DF) algorithms have been investigated extensively, the fundamental effects of the array configuration on the performance of DF systems remain unknown.
The overall performance of a DF system is a function of both the array geometry/characteristics and the DF algorithm employed, since a particular algorithm behaves differently when used in conjunction with different array structures and, similarly, a certain array generates different results when its output is applied to different algorithms.
The effect of the array structure on the system performance may be assessed quantitatively by determining the shape orientation and of the array manifold through the study of the manifold's differential geometry [1, 2, 3, 4] .
In the case of a linear array employed in a direction-finding system (where and ) the ) 9 é ! é é r r y z 0 array manifold is a single curve shaped in the form of a [1] and, therefore, can be fully hyperhelix 1 characterised by its length and curvatures. However, in a ( ) direction-finding system which employs a ) 9 Ç planar array, the manifold is a two-parameter surface lying on a hypersphere of radius embedded in °R V R and is shaped in the form of a conoid. The parameters of this conoid have been estimated in [2] . Alternatively 1 A is a curve whose curvatures remain constant at all points along its length. hyperhelix the surface of this conoid can be considered to consist of two families of constant-parameter curves defined as follows -parameter curves ( -curves of constant elevation -parameter curves | ( -curves of constant azimuth é ) ) 9 ) 9 9 9 ) 9 )
where each family can be used to fully describe the array manifold surface. The properties of these curves have been investigated in [3] and are summarised next.
9-parameter curves
According to Equation (1), the manifold surface of a planar array can be generated by a family of -parameter 9
curves which meet at the apex of the manifold for and can be described as
Equation (2) can be seen as the manifold of an equivalent linear array with sensor locations given by the vector . This implies that the -parameter curves of a planar array are shaped as complex hyperhelices V¸¹ ) 9
)-parameter curves
The manifold surface can also be generated by a family of -parameter curves )
These curves are not and only limited information, regarding their complete shape, is available. hyperhelical A hyperhelical curve such as a -curve is analytically 'convenient' in the sense that all its curvatures are +¸:¹ 9 independent of the parameter , hence the procedure for their calculation is identical to that of linear arrays :
[1]. However, for a non-helical curve, such as a -curve, this is not the case and an analytical approach for the ) calculation of all curvatures is impractical. Fortunately, the first curvature is quite adequate for describing a curve's shape at a local level.
The essential properties of both and curves, which will be used in this study, are: where is a generic parameter representing both and . : ) Table 1 provides analytical expressions for the first curvature and the rate of change of arc length of both ) and curves for a planar array. Note that the differential geometry of the -curves varies as a function of 9 )
azimuth with a periodicity of at least 180 . 
) )
In this paper eight array geometries are compared according to three fundamental limits which are imposed on the performance of a superresolution DF system by the employed. These are array structure the detection threshold Ô the resolution threshold Ô the estimation accuracy lower bound Ô where each is a function of the differential geometry of manifold parameter curves.
These limits will be used as for the different array structures. Since no DF algorithm can figures of merit exceed these performance levels they also provide a benchmark against which any DF algorithm can be compared.
The outline of the paper is as follows:
In Section 2 the detection, resolution and accuracy limits which specify the ultimate performance provided by a direction-finding system, are introduced as under the assumptions of a finite number of figures of merit, snapshots and a finite signal-to-noise ratio.
In Section 3 eight diverse planar array geometries of elevated feed monopoles (used in a number of experimental sites in the UK) are presented, while in Section 4 these array geometries are compared and their relative merits are determined according to the criteria established in Section 2. In Section 5 the comparison is performed with the array geometries normalised with respect to aperture and number of sensors. Finally, in Section 6 the paper is concluded.
PERFORMANCE CRITERIA
The most essential feature of signal subspace type techniques is their ability to eliminate the effects of noise from the estimation process and thus to provide exact estimates of the signal subspace spanned by the true manifold vectors. This feature is achieved asymptotically over an infinite number of snapshots (the observation interval). Unfortunately in practice the availability of only a limited number of snapshots, , P prevents the full elimination of the noise and can result in poor direction finding performance. This 'uncertainty' due to the remaining noise has been modelled in [4] based on the processing of snapshots at the P output of an -element array which receives signals in the presence of noise of power . The conclusion R Q 5 2 of the investigation in [4] is that the 'uncertainty' due to the remaining noise in the estimation process of the -3 th signal after snapshots can be represented as an -dimensional hypersphere centered at the point whose P R + 3 radius represents the RMS value of the remaining noise. These spheres are known as 5 / 3 uncertainty spheres and they 'shrink' as a function of the observation interval according to the model with the implication that the occurs when the two uncertainty spheres . It detection threshold just make contact should be emphasised that detecting the presence of two sources does not necessarily mean that their bearings have been resolved. In fact for a sufficiently low SNR or a sufficiently small number of snapshots, a typical high-resolution algorithm will always provide a spectrum with a single null, even if it has been given the true number of sources a priori.
If a similar line of arguments is followed for the resolution then presence of a source of power , when the two sources have a bearing separation are respectively T # ?:,
,
sum when sum when , ,
, ) )
and is a parameter representing or . In the above expressions it is assumed that the reference point is p 9 )
taken at the array centroid. Bearing corresponds to arc length on the manifold, which, to a first :¸= = ¹ ¶# " # order approximation, also corresponds to bearing . Note also that the arc length separation iş: : ¹ ¶# become 'lower bounds' and form a benchmark against which any practical DF algorithm can be compared.
Having presented the detection and resolution criteria, the discussion will be confined to the estimation accuracy. The estimation accuracy can be expressed in terms of the error variance of the estimation of the parameter for a source of power in the presence of a source of power . If the two sources have a :
T T " " # bearing separation then this estimation accuracy is bounded by the Cramér-Rao Bound [3, 5] ?:,
where is the source position vector corresponding to the source at and SNR is the signal-to-noise ratio + 
It is important to note that for two equi-powered sources the above expression is simplified for to
which is an expected result indicating the generality and significance of the resolution threshold.
The above discussion was carried out under the assumption that the planar array consists of antennas that are isotropic (with gain of unity) in both azimuth and elevation . This assumption might seem unrealistic since ) 9
many practical antennas (like the elevated-feed monopoles which will be investigated in this study) are nonisotropic and exhibit a complex gain response as a function of one or both bearing parameters. In this 1 V " case the array manifold is given by 10 + 1¸Ç ¹ é 1¸Ç ¹+¸Ç ¹¸¹ ) 9 ) 9 ) 9
By using instead of , where , Equations (6), (7) and (9) can be transformed for + 1¸: ¹ +¸:¹ : é¸Ç ¹ ) 9
directional sensors to the expressions presented in Table 2 It is clear from Table 2 that the directional pattern AE 1¸:¹ of a directional sensor behaves simply as a "voltage gain" term boosting or deteriorating the effective Signal-to-Noise ratio at the output of the array. Consequently, it can be stated that the presence of directional sensors affect the relative merits of one array geometry over the other, although of course, does not performance is affected in absolute terms. 
Performance as a function of elevation
Manifold differential geometry reveals that the variation of array performance with elevation is independent 9
of array geometry and consequently the merits of one array configuration as compared with another remain unaltered at different elevations, i.e. performance comparison need only be carried out at a single elevation
. The choice of is arbitrary and can be made according to the particular application. Here we consider an elevation of =30° at which the elevated feed monopoles, which will be used in this study, exhibit maximum 9 o gain.
Another characteristic feature of planar arrays of isotropic sensors is that while azimuth-estimation performance is greatest at low elevations, elevation-estimation performance is greatest at high elevations.
Naturally this characteristic is masked by the directional pattern of the array elements.
Performance as a function of azimuth
Manifold differential geometry also reveals that the -and -estimation capabilities of a planar array are 9 )
dependent on azimuth through vector and its derivative ° respectively. and ) ) ) ) ) V¸¹ V¸¹ é V¸ *! ¹ V¸¹ ) V¸¹ ) ) are both direct functions of the array configuration and are 90° out of phase.
It is evident from Equations (6), (7) and (9), that an array is a more powerful direction finder along those azimuths which correspond to larger values of for -estimation and larger values of ) ) 9 k k V¸¹¸¹ k k V¸ ¹ ) ) 90°(for -estimation), where equals the sensor locations when the array is projected along V¸¹ ) the azimuthal direction (Figure 1 ). This rule is particularly easy to apply in cases where the sensors are ) predominantly distributed along one direction. In such cases it is easy to judge the variations of with ,
by a simple observation of the array geometry. For more complicated array structures the variations of k k V¸¹ ) are not so obvious and actual computation is necessary. In the following section the variations of performance with azimuth will be examined in detail for a number of different array configurations.
ARRAY GEOMETRIES FOR STUDY
The eight array geometries investigated in this paper consist of vertical elevated-feed monopoles which are directional in elevation but isotropic in azimuth. These array structures are used in a number of experimental sites in the UK operating as DF systems in the HF frequency band (3 to 30 MHz) and employ monopoles of "# meters height. Figure 2 shows the elevation gain pattern of these monopole-antennas. The pattern consists of a single beam pointing at an elevation of approximately with nulls at (due to the vertical 9 9 é $! é *! Finally, we have seen in Section 2 that the variations in -estimation performance and -estimation ) 9
performance, as a function of , are essentially identical apart from a phase of 90° (due to dependence on )
and respectively) and a scaling factor (due to dependence on and respectively). cos sin Therefore, only the -estimation performances for =30° will be investigated and compared in the following ) 9 o section. Various array geometries and values of from 0° to 180° are considered, while the results are ) repeated for from 180° to 360°. )
COMPARISON BASED ON DETECTION, RESOLUTION AND ACCURACY CRITERIA
The theoretical lower limits on the accuracy, detection and resolution thresholds imposed on a DF system by the array geometry itself were evaluated for the array geometries described in the previous section. The results are presented in Figures 4-6 for an operating frequency of 15MHz. A discussion associated with the performance of each geometry is presented below.
Linear Array
The behaviour of a linear array can be readily predicted by noting that cos and that V¸¹ é < ) ) One could also predict that a linear array would have highest azimuth estimation capability for azimuths near 90° (broadside) where |R | is maximum. Again this is confirmed in Figures 4-6 where the functionş ¹ ) ôP¹¸ôP¹ SNR , SNR and CRB are smallest at =90°.
Circular Array
It can be shown that the uniform circular array configuration is the only planar array geometry for which both k k R and |R | are independent of . This implies that, in the case of a circular array, all the performancȩ ¹¸¹ ) ) ) # criteria investigated herein exhibit no dependence on azimuth . Such a geometry seems to be the obvious )
choice for applications where uniform performance at all azimuths is a necessity.
Y-shaped and X-shaped Arrays
Both Y-shaped and X-shaped arrays have a balanced-symmetric geometry [3] and consequently their ) vary periodically as a function of with a period of 60° for the Y-array and of 90° for the X-array. Note that ) the best performance of the Y and X arrays occurs at even multiples of 30° and 45° respectively with worst performance occurring at odd multiples of 30° and 45° respectively.
L-shaped and CROSS-shaped Arrays
These two geometries are not balanced-symmetric and so the detection thresholds SNR , exhibit a b ô P ./>Ç) significant variations with best performance at 45° and worst performance at 135° for the L-array and at 0°/180° and 90° respectively for the CROSS-array. Note also that the resolution threshold SNR anḑ ôP¹ </=Ç) CRB indicate best and worst performances at similar azimuths. The dual-ring array is approximately balanced-symmetric and also resembles a circular-type structure.
Consequently an almost uniform performance is provided at all azimuths. The detection SNR a b ô P ./>Ç)
indicates best performance at 77° and worst performance at 167° while the resolution threshold function a b SNR and CRB indicate best and worst performances at 68° and 126° respectively. ô P </=Ç) )
Dual-Spiral Array
The dual-spiral array is an example of an array geometry which has sensors clearly distributed in one predominant direction and so it is easier to observe the variations of |R | as a function of . The detectioņ ¹ ) ) ôP¹¸ôP¹ SNR indicates best performance at 153° and worst performance at 63° while both SNR
and CRB indicate best and worst performances at 162° and 54° respectively.
)
A comparison of the array structures reveals that at, and only at, =90° (broadside) the linear array has the ) best performance but that there is a monotonic degradation in performance as emitters approach the end-fire position. In terms of average performance over all azimuths, the X-shaped array out-performs the others with the Y-shaped array taking second position. The worst performance is obtained with the dual-ring array which clearly suffers due to its small dimensions.
PERFORMANCE COMPARISON AND ARRAY NORMALISATION
It is well known that the aperture of an array (i.e. the maximum separation between any two sensors), plays an important role in the ability of an array to resolve two sources close together. Therefore it may be argued that, in order to perform a fair comparison, the DF capabilities should be investigated with the array geometries normalised with respect to aperture. In order to perform such a comparison the exercise of Section-4 is repeated with the sensor locations scaled such that each array has the same aperture of 57.918 halfwavelengths.
From the results shown in Figures 7-9 , it is apparent that now the circular array exhibits the best performance which is independent of azimuth. The performance of the linear array approaches that of the circular array only at =90° (broadside) but rapidly shows a degradation as emitters approach the end-fire position. In ) terms of performance averaged over all azimuths, the X-shaped array and the Y-shaped array take the second position. The worst performance is obtained with the dual-spiral array.
As expected the variations of array performance with azimuth remain unchanged, apart from a scaling factor, when compared to the unnormalised case. This is because all array shapes are preserved through the normalisation process. The absolute performances of all the arrays are slightly improved as a result of an increase in array dimensions.
It is known that the resolution is also influenced by the length of the manifold curve (the longer the manifold curve the better the resolution). For a given aperture the length of the manifold curve is a function of the number of sensors. Therefore it may also be argued that a fairer performance comparison would be achieved with arrays normalised with respect to both aperture and number of sensors. In Figures 10-12 where small SNR corresponds to more consistent performance and therefore to a better differential¸ôP¹ array geometry.
In order to demonstrate the significance of this differential rule, it has been used to compare the original array geometries as well as their two normalised counterparts. The results are shown in Figure 13 in a bar-chart format. It is clear from this bar-chart that the difference is not affected by the normalisation and is a function only of the array geometry itself. Thus, using the above differential rule the array geometries may be ordered as shown in Table 3 . 
CONCLUSIONS
In this paper the ultimate direction-finding capabilities of a number of planar arrays have been investigated and compared. Criteria relating to the DF performance in terms of the minimum achievable bearing estimation error, and the detection and resolution thresholds have been determined using differential geometry properties of the array manifold.
The arrays were initially unnormalised and then normalised with respect to aperture and with respect to aperture and number of sensors. From the results it was concluded that the difference between the best and the worst detection and resolution performance is independent of the normalisation procedure being employed and is a characteristic only of the array geometry itself. However this should not be confused with the absolute performance of an array which is, of course, a function of both aperture and number of sensors.
A comprehensive set of results has been presented indicating the theoretical limits on accuracy, detection and resolution thresholds.
Thus these limits can be used as figures of merit to provide the performance level against which any existing or new algorithm can be compared. That is, for a given array, the closer a DF algorithm comes, performancewise, to these theoretical limits the better.
CAPTIONS

Figure 1
Variations in parameter estimation performance as a function of azimuth ) ¹ Phase reference is assumed to be at the array centroid.
Figure 2
Monopole gain pattern The array geometries have been normalised with respect to aperture. The array geometries have been normalised with respect to aperture.
Figure 9
Error standard deviation CRB as a function of azimuth angle for two uncorrelated°) emitters separated by =0.5 about . ( =100, SNR=20dB, =30 ) ?) ) 9
ü ü P The array geometries have been normalised with respect to aperture. The arrays have been normalised with respect to aperture and number of sensors. The arrays have been normalised with respect to aperture and number of sensors.
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The arrays have been normalised with respect to aperture and number of sensors.
Figure 13
Difference between best and worst detection and resolution thresholds performance for unnormalised and normalised array structures 
